Abstract An improved algorithm to evaluate the nonrelativistic three-electron Hylleraas-Configuration Interaction (Hy-CI) kinetic energy integrals over Slater orbitals and the Hamiltonian in Hylleraas coordinates is shown. The resulting analytical expressions are general for all quantum numbers of the orbitals. From there, the restriction of employing orbitals with quantum numbers l ≤ 2 of the above algorithm presented in paper I of this series has been removed. With the new algorithm it is possible, in the direct integration method described in this series, to carry out Hy-CI atomic structure calculations including f -, g-, …, l and higher angular-momentum Slater orbitals and to determine F, G, …, L and states of higher order symmetry.
Introduction
Hylleraas-Configuration Interaction (Hy-CI) wave functions [1, 2] are of great importance in Quantum Chemistry because being general for any atom, lead to high precision energy values of atomic levels and various properties. The kinetic energy integrals, which are generated by the kinetic energy operator part of the Hamiltonian [3] , are not as complex as the repulsion four-electron integrals, but their evaluation is also difficult. For this reason, they need a separate treatment. There are two kinds of kinetic energy integrals in the Hy-CI method: the two-electron kinetic B María Belén Ruiz maria.belen.ruiz@fau.de 1 Theoretical Chemistry, Department of Chemistry and Pharmacy, Friedrich-Alexander-University Erlangen-Nürnberg, Egerlandstraße 3, 91058 Erlangen, Germany energy integrals, needed not only in the computation of two-electron systems, but also generally in calculations of any N-electron system; and the three-electron kinetic energy integrals, which occur in the computation of three-electron and larger systems.
In a recent paper III of these series [4] , we have evaluated the two-electron kinetic energy integrals by two methods: (1) the so-called Kolos and Roothaan [5] transformation (KR); and (2) the method of the direct application of the differenciating operators on the wave function [6] , obtaining completely agreement in the values of the integrals by both methods (more than 30 decimal digits in our computer using quadruple precision). For the two-electron kinetic energy integrals, the KR transformation has proven to be computationally faster than the direct differentiation [6] , with identical memory requirements. Unfortunately, a similar transformation as KR in the three-electron case has not been yet achieved. Therefore in the case of the three-electron kinetic energy integrals we have to use the method of direct differentiation of [6] . This includes the performance of spherical harmonics derivatives and the use of recursion relations over these functions.
During the mathematical evaluation the major difficulty encountered consisted in treating the recursion relation involving the inverse sine function [6, Eq. (C.6)]:
since its use is conditioned by M = 0. Not being aware of any other recursion relation containing the inverse of the sine function, in order to avoid singularities, we distinguished in paper I among the cases M = 0, M > 0, and M < 0. While for the case M = 0 a general formula could be found [6, Eq. (C.9)], for the cases M > 0 and M < 0 the expressions were too lengthly. So we were able to found recursion relations, which were restricted to the cases L ≤ 2 [6, Eq. (C.10,C.11)]. Although their generalization is possible, it seems more reasonable to look for a more efficient procedure. In this work we will use Eq. (1) such, that the condition M = 0 will be always fulfilled and we will obtain general expressions for the integral. All types kinetic energy integrals will be revised and new compact expressions will be presented. Finally, computed values of selected integrals of Refs. [6, 8] and of new kinetic energy integrals are given in this work.
The obtained relations have been programmed in Fortran 90 language and the resulting integral values have been compared with the ones obtained by the older algorithm of paper I, finding complete agreement. The new subroutines have replaced the previous ones in our Hy-CI computer code and calculations have been done for S, P, D, F, G, H, K, and L states of the Li atom, showing that the algorithm performs properly and it is stable. Moreover, we have checked the final printed formulas of this article with the computer Fortran code.
Before to start with the alternative procedure to evaluate the kinetic energy integrals, let us say some general words about the two methods of evaluation of Hy-CI integrals. In this series of papers I-IV [4, 6, 7] we use the method of direct integration over the interelectronic distance r i j and the coordinates of one of the electrons, reducing integrals to new ones with lower number of electrons. The three-and four-electron integrals are then reduced to a linear combination of basic two-electron integrals and these ones are evaluated as a sum of two-electron auxiliary integrals. This method of integration has computational advantages in storage memory and facilitates extension to larger systems.
The earlier method is the one of Sims and Hagstrom [8, 9] , where the interelectronic distances r i j are expanded into one-electron distances. The expansion of the interelectronic distances is a concept they use systematically in the evaluation of all kind of integrals. This fact leads to the appearance of three-electron W and four-electron X auxiliary integrals. On the contrary, when using our method for the three-electron kinetic energy integrals, no three-electron auxiliary integrals are needed, with a great saving of computer memory. Note that the auxiliary W integrals are three-fold and have to be calculated for a large number of powers and exponents. The number of exponents grows with the atomic number.
Kinetic energy integrals
Let us define the Slater orbitals of electron i specified by the quantum numbers n i , m i and l i and orbital exponent α i with an unnormalized radial part and orthonormal spherical harmonics:
The symbol * means the complex conjugate. The spherical harmonics in Condon and Shortley phases [10, p. 52] are given by:
with the associated Legendre functions P m i l i
(cos θ i ). The spherical harmonics and associated Legendre functions used along this work are written explicitly in [11, p. 14] , and defined as in Ref. [1] . They obey the condition:
We define the one-electron charge distributions by expanding or linearizing the products of spherical harmonics with equal argument i using the formula [1, Eq. (12)]:
The summation is done in steps of two: 
We define N i = n i +n i −1, and the exponents ω i = α i +α i . In the next we will use uppercase letters N i , L i , M i for the quantum numbers of charge distributions, while lowercase letters n i , l i , m i will be used for the quantum numbers of the orbitals.
For a n e -electron system the kinetic energy operator in Hylleraas coordinates can be written [3] :
WhenT is applied to a wave function containing at most one r i j per configuration all terms arising from
vanish.
The one-electron angular-momentum operators can be identified and replace by its eigenvalues:
The kinetic energy operatorT of Eq. (7) can be separated into kinetic energy operators acting on every electron i, which can be again separated into radial and angular parts. As a pattern integral, let us evaluate in this work the kinetic energy of electron 1, i.e. (1) ,
The radial parts do not present any difficulty and have been already evaluated in our previous work [6] . The angular parts of the kinetic energy operator are:
.
The expectation value of the angular momentum operator is evaluated using the eigenvalue equation Eq. (9). The evaluation of the angular kinetic energy contributions from the operatorŝ T θ,1 (1) ,T θ,2 (1) , andT ϕ (1) is more involved and is reported in detail in the Appendices 1, 2, and 3 of this work. In this section we are presenting the final expressions. The first one is the kinetic energy integral I θ,1 (1) , i.e. for electron 1, corresponding to the operatorT θ,1 (1) , which can be computed with the following equation:
This expression is a limited sum of radial three-electron integrals J 's (the terms in which three-electron integrals are expanded), some factors f 's and Condon and Shortley coefficients C's. The angular factors f 's are simple expressions containing the quantum numbers of the orbitals or linear combinations of them:
There are some general factors too:
the C's are the Condon and Shortley coefficients listed here:
and B 1 are special one-electron angular integrals over spherical harmonics which can be calculated using the algorithm of Wong [12] :
with coefficients:
and are Gamma functions. For more details, see Appendix 1. Finally, the radial three-electron integrals J [6] can be computed using the following formula:
The J 's are limited sums of basic radial two-electron integrals I 's, which are computed with high accuracy (about 30 decimal digits in our computer):
These integrals consist of the sum of two auxiliary integrals. The two-electron auxiliary integrals V (m, n; α, β) and one-electron auxiliary integrals A(n, α) have been extensively discussed in papers I, II, and III of this series. V integrals are once calculated with high precision for all different pairs of orbital exponents which may occur in the calculation and then stored. The second angular kinetic energy integral, see Appendix 2, is:
The factors are:
a general factor:
and the coeficients:
Again this integral consists on a limited sum of radial three-electron integrals and it can computed with high accuracy.
Finally, the third integral, see Appendix 3, vanishes if m 1 = 0, while for m 1 = 0 can be evaluated using the following programmable expression:
The factors are defined:
and the coefficents:
A new auxiliary integral is used: Table 1 Values and partitioning of the kinetic energy three-electron integrals of electron 1 of Table 6 of Ref. [6] and several integrals of The charge distributions are constructed with the exponents ω i = 1.40 for orbitals with , otherwise ω i = 2.86. The sum of the contributions to the total kinetic energy integral I R , I L , I θ,1 , I θ,2 , and I ϕ leads to the total value listed above them. Non-printed contributions are zero
The coefficients a Table 1 . There, it can be found not only the total value of the kinetic energy integral but also the contributions I R , I L , I θ,1 , I θ,2 , and I ϕ corresponding to the final expressions Eqs. (15, 23, 27 ). The radial contribution I R was already discussed in paper I of this series [6] . Some of the integrals of Table 1 are the same ones than in Table 6 of Ref. [6] , some are reproduced values of integrals from Table 1 of the paper of Sims and Hagstrom [8] , and the last values are new integrals obtained with nonvanishing I ϕ contributions, which represent rare cases. The agreement with previous values of paper I of this series and the ones of Sims and Hagstrom is complete (about 30 decimal digits in our computer using quadruple precision).
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Appendix 1: Evaluation of the kinetic energy contribution I θ,1 (1)
Let us define the first angular kinetic energy integral and at the same time expand the product of spherical harmonics of electron 3: 
with
Multiplying this by the complex conjugate Y ϕ 1 ) and linearizing the product of spherical harmonics using Eq. (5) we obtain:
Let us use the cosine recursion relation in terms of spherical harmonics [14] :
for l 2 − 1 ≥ 0, otherwise the first right-hand-side term vanishes. The factors are:
Multiplying again by Y m 2 * l 2 (θ 2 , ϕ 2 ) and expanding the products of spherical harmonics using Eq. (5) we obtain: 
Altogether
Passing the z-axis through the r 1 coordinate, this rotation transforms the variables θ 2 → θ 12 , and φ 2 → φ 12 . This may be understood graphically in Fig. 1 . This rotation of the z-axis produces a rotation in the spherical harmonic Y 
Now the spherical harmonics with the same arguments can be expanded again, see Eq. according to Eq. (42) and get another factor 4π :
and
We write the radial part in terms of radial three-electron integrals J and linearize again the products of spherical harmonics with same arguments. Note that the radial three-electron integral fulfill the symmetry relation:
obtaining:
Finally, the recursion relation containing the sine function Eq. (1) can be applied. This relation is valid for M = 0. This condition is fulfilled in our cases since the above integrals over spherical harmonics include the condition
what concretely means M = 0 and M = 0. Multiplying now by 1/ sin θ 1 and using Eq. (47) we have: (N 1 − 1, N 3 , N 2 + 1; ω 1 , ω 3 , ω 2 
The first kind of integrals over spherical harmonics are:
and the same holds for Y
(θ 1 , φ 1 ). These integrals are zero because K 1 +1 ≥ 0. The following integrals are evaluated integrating over the associated Legendre functions:
using the algorithm developed by Wong [12] for the overlap integral over associated Legendre functions, which can be effectively reduced to:
with the coefficients:
are Gamma functions.
For M ≥ L the integral is zero, see Ref. [12] . If M is negative the following formula is used:
Finally the programmable expression is:
Appendix 2: Evaluation of the kinetic energy contribution I θ,2 (1)
Let us evaluate the integral over electron 1 of a matrix element generated by the operatorT θ,2 (1) and configurations including the interelectronic distances r 12 on the right-hand side and r 13 on the left-hand side:
For the evaluation of I θ,2 , we repeat the same steps of Appendix 1, Eqs. (33-36) . Afterwards, the products of spherical harmonics of electrons 2 and 3 should be linearized. Then it follows the rotations of the functions of electrons 2 and 3 according Eq. (42), and the use of the complex conjugate of Y
. After all these steps we obtain:
Now let us apply the recursion relation between spherical harmonics with general arguments L, M including the cot θ function [13, Eq.(5.7.)]:
and perform radial integration, which leads to:
The final programmable expression is:
The integrals B 1 (L , M) are defined in Eq. (52).
Let us start with the function sin(ϕ 1 − ϕ 2 ) and write it in exponential form:
The following functions can be written as spherical harmonics with l = 1 and m = 1, −1:
The products of spherical harmonics with same arguments can be expanded:
Using the above derived expressions, the product of angular functions of Eq. (65) is: 
Eq. (72) can be written:
and M 2 = m 2 − m 2 . Furthermore, combining the spherical harmonics with argument 1 and the ones with argument 3, Eq. (74) can be rewritten as:
After the rotations of the spherical harmonics of electrons 2 and 3, see Eq. (42), and writing the integral of the radial part in form of a J -integral: 
taking the complex conjugate and linearizing again the product of spherical harmonics with argument 1: 
(2L 1 + 1)(2L 2 + 1)(2L 3 + 1)(2L 2 + 1)(2L 3 + 1)
(θ 1 , ϕ 1 )e −2ϕ 1 sin(θ 1 )dθ 1 dϕ 1
Let us define the new auxiliary angular integral:
and evaluate it using the algorithm developed by Wong [12] , in which the overlap integral over associated Legendre functions is:
are Gamma functions. 
Finally, the integral is: 
